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Abstract. The modeling of hydrocarbon reservoirs and of aquifer-aquitard systems can be separated
into two activities: geological modeling and fluid flow modeling. The geological model focuses on
the geometry and the dimensions of the subsurface layers and faults, and on its rock types. The fluid
flow model focuses on quantities like pressure, flux and dissipation, which are related to each other by
rock parameters like permeability, storage coefficient, porosity and capillary pressure. The absolute
permeability, which is the relevant parameter for steady single-phase flow of a fluid with constant
viscosity and density, is studied here. When trying to match the geological model with the fluid flow
model, it generally turns out that the spatial scale of the fluid flow model is built from units that
are at least a hundred times larger in volume than the units of the geological model. To counter this
mismatch in scales, the fine-scale permeabilities of the geological data model have to be ‘upscaled’
to coarse-scale permeabilities that relate the spatially averaged pressure, flux and dissipation to each
other. The upscaled permeabilities may be considered as ‘complicated averages,” which are derived
from the spatially averaged flow quantities in such a way that the continuity equation, Darcy’s law
and the dissipation equation remain valid on the coarse scale. In this paper the theory of upscaling
will be presented from a physical point of view aiming at understanding, rather than mathematical
rigorousness. Under the simplifying assumption of spatial periodicity of the fine-scale permeability
distributions, homogenization theory can be applied. However, even then the spatial distribution of
the permeability is generally so intricate that exact solutions of the homogenized permeability cannot
be found. Therefore, numerical approximation methods have to be applied. To be able to estimate the
approximation error, two numerical methods have been developed: one based on the conventional
nodal finite element method (CN-FEM) and the other based on the mixed-hybrid finite element
method (MH-FEM). CN-FEM gives an upper bound for the sum of the diagonal components of
the homogenized mobility matrix, while MH-FEM gives a lower bound. Three numerical examples
are presented.
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Nomenclature

e (= —Vp) fine-scale driving force vector per unit volume [N m_3].
é; (= —0p/d&; = h;e;) fine-scale pressure derivative [Pa (unit(;)) ™ 1].



W
=

WOUTER ZIJL AND ANNA TRYKOZKO

(= —V P) upscaled (coarse-scale) driving force vector per unit volume [N m_3]‘

(= —0P/03&; = h; E; upscaled (coarse-scale) pressure derivative [Pa (unit(si))_l].

(i =1, 2, 3) scale factor in orthogonal curvilinear coordinate system [m (unit(Si))_l].
(= absolute permeability/dynamic viscosity) fine-scale mobility tensor m?Pa—ls—1).
(= absolute permeability/dynamic viscosity) upscaled mobility tensor [m2Pa~ls™1].
(= fluid pressure minus hydrostatic pressure) fine-scale reduced pressure [Pa].

(= fluid pressure minus hydrostatic pressure) upscaled reduced pressure [Pa].
fine-scale flux density vector [m s_l].
upscaled flux density vector [m s~

(=K _1) upscaled resistivity tensor [Pas m_z].
= either KorR

time [s]. T

position vector [m].

= Sz o oS X I 3 ity

Greek symbols
(= e - g = linear combination of ¢;;) fine-scale dissipation per unit volume [Wm™
P (= E - Q = linear combination of ®;;) upscaled dissipation per unit volume [W m~3].

3].

¢ij (=e¢i-q; i, j=1,2,3)component of fine-scale dissipation per unit volume [W m~3).

d;; (=E; ~2j, i, j =1,2,3) component of upscaled dissipation per unit volume [W m=3).

& (i =1, 2, 3) orthogonal curvilinear coordinate [m (unit(hl-))_l]‘

1. Introduction

The modeling of hydrocarbon reservoirs by reservoir engineers, and of aquifer-
aquitard systems by geohydrologists, has traditionally been separated into two
activities: geological modeling and fluid flow modeling. These two modeling activ-
ities reflect different aspects of the same part of the subsurface that is studied,
the rocks and the fluids contained in them. The geological model highlights the
structural elements of the subsurface, the geometry and dimensions of its layers
and faults, together with its rock types and properties. The fluid flow model is set
up in terms of dynamic flow quantities like pressure, flux and dissipation. These
quantities are related to each other by rock parameters like permeability, storage
coefficient, porosity and capillary pressure. Since the ultimate goal of the two
models is decision-making with respect to the same particular part of the subsurface
— for instance to optimally and safely exploit a hydrocarbon reservoir, or a fresh
water aquifer - the two models have to be matched. However, when trying to match
the geological and the fluid flow model, it generally turns out that the spatial scales
of the two models differ. As an example, the geological reservoir model may be
built from units of meters in length and width and less than a meter in thickness,
whereas the fluid flow model is built from units that are at least a hundred times
larger in volume.

One approach to counter this mismatch in spatial scales is to make the scale
of the fluid flow model finer. This *'multi-million-grid-cell’ approach will be made
feasible by the next generation of multi-processor computers. However, there will
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always be a need to run fluid flow problems on relatively simple and cheap com-
puters like PCs. In this way quick and user-friendly assessments can be made, even
with run times that are so fast that simulations can be done in parallel with real-time
measurements. For this approach the spatial scale of the geological model has to
be made much coarser than for the multi-million-grid-cell approach. Therefore, the
fine-scale rock properties, say the fine-scale permeabilities, of the geological data
model have to be ‘upscaled’ to coarse-scale properties, the upscaled permeabilities,
that can relate spatially averaged flow quantities, like averaged pressure, pressure
derivatives, flux and dissipation. The upscaled parameters, e.g. upscaled permeab-
ilities, are themselves not simple averages. Instead they have to be derived from the
spatially averaged flow quantities, in such a way that well-known physical laws on
the fine scale, like Darcy’s law or Onsager’s thermodynamic laws, remain valid as
much as possible on the coarse scale.

An important consequence of upscaling is the emergence of anisotropy. Even
if the heterogeneous fine-scale permeability k(x, y, z) is isotropic, the upscaled
permeability is a tensor K. In a coordinate system, this tensor is represented by its
matrix of components

Kxx ny sz
K)’X Kyy KYZ
sz sz Kzz

Unfortunately, many finite difference programs for the simulation of fluid flow
in reservoirs or aquifer-aquitard systems lack the possibility of handling the off-
diagonal components in the above matrix. This diminishes the motivation to cor-
rectly compute upscaled permeabilities. However, in principle, methods exist to
cope with off-diagonal permeability components in finite difference methods
(Aavatsmark et al., 1996).

In this paper we consider single-phase flow of a fluid with constant viscosity
and density. In that case the absolute permeability and the storage coefficient are
the two relevant parameters that couple the geological model with the fluid flow
model. Here we focus on the absolute permeability tensor, since this is the most
dominant parameter affecting fluid flow, while it is also the most heterogeneous
parameter. Mathematical theories for the upscaling, especially homogenization the-
ory for the upscaling of periodic media, are well-established (Bensoussan et al.,
1978; Sanchez-Palencia, 1980; Auriault, 1983; Quintard and Whitaker, 1988; Pan-
filov, 1992; Bge, 1994; Hornung, 1997). Here, the upscaling and homogenization
theory will be summarized from a physical point of view, aiming at understand-
ing rather than mathematical rigorousness. Since the resulting equations are too
complex to be solved analytically, numerical finite element approximations will
be presented. To assess the accuracy of the numerical approximations, the con-
ventional conformal-nodal finite element method will be used as an upper bound
method, while the mixed-hybrid finite element method will be applied as a lower
bound method.
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In Section 2, the notion of ‘spatial averaging’ of the flow quantities pressure
minus hydrostatic pressure (briefly pressure), pressure derivatives with respect to
curvilinear coordinates (briefly pressure derivatives), flux density (briefly flux) and
dissipation per unit volume (briefly dissipation) is defined for general upscaling
volumes. The averaging operator is defined in such a way that the derivatives of the
averaged pressure are equal to the average of the pressure derivatives. For upscaling
domains with the shape of a rectangular parallelepiped this definition leads to the
well-known volume-averaging operator. On the other hand, for cylindrical upscal-
ing domains around a well, this definition leads to a spatial averaging operator that
is different from volume averaging.

After having defined the averaging operator, this operator is used to introduce
three requirements for upscaling. These three requirements such that the continuity
equation and the dissipation equation, which is related to Onsager’s reciprocal
thermodynamic relations, remain valid (are ‘conserved’) on the coarse scale.

In Section 3, three approaches to upscaling are presented: pressure—flux av-
eraging (PF), pressure—dissipation averaging (PD) and flux—dissipation averaging
(FD). These three approaches are such that Darcy’s law remains valid (is ‘con-
served’) on the coarse scale. In general the three upscaled permeabilities obtained
by these three approaches differ from each other. It is, however, advised to choose
the coarse-scale grid system, for which the upscaling is applied, in such a way that
the differences between the three upscaling approaches are minimized. This can
be done by looking for periodic or nearly periodic subdomains of the subsurface
(Section 4). Arguments in favor of each of the three upscaling approaches are
briefly summarized.

In Section 4 the physics of homogenization is presented. Homogenization is an
approach to upscaling that can be used for periodic porous media. In the literature,
the theory of homogenization is generally presented from a mathematical point of
view based on multi-scale asymptotic analysis (Bensoussan et al., 1978; Sanchez-
Palencia, 1980; Hornung, 1997). In contrast to this mathematical rigorousness, a
relatively simple physical presentation of the upscaling and homogenization theory
is presented here, aiming at insight and leaving away the mathematical intricacies.
It is shown that the three different PF, PD and FD averaging approaches to up-
scaling, as presented in Section 3, yield exactly the same coarse-scale permeability
for periodic porous media. Only in numerical approximations the three different
algorithms for the three averaging approaches may yield slightly different results
because of numerical errors.

The spatial fine-scale distribution of the absolute permeability is generally so
intricate that exact solutions of the homogenized permeability cannot be found.
Therefore, numerical approximation methods have to be applied. In Section 5 both
the conformal-nodal finite element method (CN-FEM) and the mixed-hybrid finite
element method (MH-FEM) are briefly introduced, especially with regard to their
upper and lower bound properties.
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In Section 6, three numerical examples are presented. The first example deals
with a two-dimensional (2D) isotropic fine-scale permeability distribution that is
just on the percolation threshold. Since an exact solution is available, the numerical
methods can be validated and the importance of local grid refinement near the
singular permeability points will be shown. The second example deals with a three-
dimensional (3D) anisotropic fine-scale permeability distribution. Also here the
exact upscaled permeability matrix is known. Since this permeability distribution is
not piece-wise constant, but continuous, apparent deviations from the upper/lower
bound theory will be observed. The third example deals with a field case in which
a relatively high aspect ratio of the homogenization domain is present. In this case
slight numerical differences between the PF and PD averaging approach become
visible.

Finally, in Section 7 the results and conclusions are presented.

2. Three Requirements for Upscaling

Let us first consider the flow quantities like pressure, flux, etc. in an orthogonal cur-
vilinear coordinate system with coordinates &, &, &3 and scale factors hq, h», h3
(Morse and Feshbach, 1953, pp. 44-54). In many applications the upscaling volumes
may simply be considered as rectangular parallelepipeds and then Cartesian co-
ordinates & = x, & = y, & = z suffice. However, near areas of special interest,
like fractured regions, faults and wells, general curvilinear coordinates are often
more appropriate.

Preferably, procedures for upscaling of the absolute permeability should satisfy
three requirements.

2.1. REQUIREMENT (i): ‘CONSERVATION’ OF DRIVING FORCE

The upscaled pressure P(§;, &, &) should be equal to a spatial average
(p)(&1, &2, &3) of the fine-scale pressure p(&;, &>, &3) while, at the same time, the
upscaled pressure derivative E; = —9P/d&; should be equal to the average pres-
sure derivative (¢;) = —(dp/0&;). When this requirement is satisfied, both the
upscaled pressure and its spatial derivatives with respect to the coordinates have a
similar well-defined meaning, respectively a pressure average and a driving force
average. A spatial averaging operator (-) that is consistent with this requirement is
given by
1
()1, 62,83) AL AG. MG X

E+508 ph+iAs  pa+iag
x /é f (& & £ dEjdEs ;. (1)

1—iag Je-tan Ju-lag

Due to the factor 1/2 in the upper and lower bound of the integrals, (§;) = &;,i =
1, 2, 3. The volume-averaging operator (-)y is related to the above spatial operator
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by (f)v = (VE/V)(f hihyhs), where

VO = AEAEAE and V= / f / hihahs dg, d&, d&,
D

is the volume of the upscaling domain. When the upscaling domain is a rectangular
parallelepiped, Cartesian coordinates, with iy = h, = h3 = 1, are appropriate.
Then the spatial averaging operator (-) means volume averaging. However, around
wells, where the circular cylinder coordinates & = r, & = ¢, & = z, with hp, =
r,hy = h3 = 1, are the proper choice, the averaging operator (-) in Equation (1)
differs from volume averaging.

2.2. REQUIREMENT (ii): ‘CONSERVATION’ OF CONTINUITY EQUATION

The second requirement is that the upscaled flux components times upscaled factors,
Q,H,H,H;/ H;, should be equal to the spatially averaged flux components times
scale factors (g;h1hohs/ h;) (i = 1,2, 3, no summation over index i). For Cartesian
coordinates, the scale factors are 4y = h, = hs = 1 and the upscaled factors are
also H = H, = H; = 1. However, for circular cylinder coordinates, where
hy, = r,hy = hs = 1, upscaled factor values H, = r, H} = H3z = 1 are a good
approximation only for not too large upscaling domains. The exact determination
of the uspcaled factors will not be discussed in this paper. When requirement (ii) is
satisfied, the continuity equation for the upscaled flux is the same as the steady-
state continuity equation for the fine-scale flux, V - ¢ = 0 (Section 5), since,
according to Equation (1) B

3
ihihah 0 [qihihyh
s -g) = (30 (1)) 35 5 (st

i=1

i=1

-y 9 (L HHy
— 0§ H; '
(Morse and Feshbach, 1953, pp. 115-116). This way the upscaled flux has a well-
defined meaning of spatial flux average, similar to the meanings of the upscaled
pressure and the upscaled pressure derivatives in requirement (i). Especially in

transport problems, where the flow velocity plays a dominant role, requirement
(i1) will be important.

2.3. REQUIREMENT (iii): ‘CONSERVATION’ OF DISSIPATION EQUATION

The third requirement is that the upscaled dissipation (per unit volume)

3
V(é) Z E Q; H1H2H3

1

i
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should be equal to the volume average of the fine-scale dissipation

VO L [&gihihahs

@)y =(=Vp-glv=— le< P >
This requirement expresses that on the coarse scale the dissipation equation is equal
to that on the fine scale. This is sometimes called ‘conservation of dissipation’
(Bge, 1994). The dissipation per unit volume is the rate of irreversible conversion of
mechanical energy to internal energy within the upscaling domain, divided by the
volume of the upscaling domain. From a microscopic point of view, the irreversible
conversion rate is caused by the viscous shear stresses that are associated with
the Stokes flow in the pore space. If requirement (iii) is satisfied, thermodynamic
equations of the upscaled flow, entropy production, Onsager’s reciprocal relations,
etc., have the same form as the thermodynamic equations describing the fine-scale
thermodynamics (Case, 1994, pp. 202-205).

Unfortunately, in general porous media the above three requirements over-
specify the upscaling problem. However, both perfectly layered porous media and
periodic porous media can be upscaled in such a way that the three requirements are
satisfied simultaneously. Upscaling of perfectly porous media is almost trivial (Zijl
and Nawalany, 1993, pp. 71-74), therefore this paper will concentrate on upscaling
of periodic media.

3. Three Approaches to Upscaling ‘Conserving’ Darcy’s Law

From now on only upscaling related to volume averaging will be considered. In that
case the scale factors do no longer play role. They are equal to one, which means
thate; = &, E; = E;, e =—Vpand E = —VP. As has been shown in Section 2,
volume averaging excludes upscaling over domains near areas of special interest,
like fractured regions, faults and wells, where curvilinear coordinate planes bound
the upscaling domain. Since, in general, only two of the three upscaling require-
ments mentioned in Section 1 can be satisfied simultaneously, upscaling based on
volume averaging can be performed in three ways:

1. Pressure—Flux averaging (PF): The pressure—flux (PF) averaging approach to
upscaling combines requirements (i) and (i) of Section 2 using (Qi) =K —_
(e;) to determine the upscaled mobility K

2. Pressure—Dissipation averaging (PD): The pressure—dissipation (PD) averaging
approach to upscaling combines requirements (i) and (iii) of Section 2 using
(e;) - é N (e j) = (¢;j) to determine the upscaled mobility g . where
dij =e; - q; is a component of the fine-scale dissipation matrix.

3. Flux-Dissipation averaging (FD): The flux—dissipation (FD) averaging ap-
proach to upscaling combines requirements (ii) and (iii) of Section 2 using

(gj) . g ;}; . (gi) = (¢y;) to determine the upscaled mobility £ D
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The three thus-determined upscaled mobilities are not independent they are related
to each other by the expression K K. ]; K _FT K, - K- K. ' Because of this depend-
ence, we will from now on focus on the pressure—ﬂux and the pressure—dissipation
averaging approach only.

Since the fine-scale mobility tensor k is symmetric (k = k) and positive
definite (King et al., 1995), it follows from the above-given definitions that also
K =K! andK_ = K! are symmetric and positive definite. However, in
=pDp ~ =PD =FD ~ =FD
general, K - # K gF is non-symmetric (Zijl and Nawalany, 1993, pp. 85-89; Bent-
sen, 1994; King et al., 1995). Moreover, there is no a priori guarantee that K K.
is positive definite. These ‘poor’ properties of the upscaled mobility tensor may
be considered as a serious disadvantage of the PF averaging approach. It is some-
times even claimed that non-symmetric mobility tensors have no physical meaning
because of their complex eigenvalues, which cannot be interpreted as principal mo-
bilities (Durlofsky, 1992). However, using a singular value decomposition instead
of an eigenvalue decomposition, it can be shown that not only symmetric mobility
tensors, but also non-symmetric mobility tensors have real principal mobilities with
a physical meaning (Zijl and Nawalany, 1993, pp. 89-96). An advantage of the
PF averaging approach is that the matrix of coarse-scale mobility components has
nine independent elements, while the PD and FD averaging approach lead to only
six independent elements. Hence, the PF averaged mobility tensor contains more
information about the original fine-scale distribution than the PD and FD averaged
mobility tensors.

If the porous medium is periodic, the upscaling can be performed by homo-
genization. This procedure will be explained in Section 4, where it will be proved
that, for periodic porous media, K K, = K =K b= = K = K. Since all three
averaging approaches have their specific agvantages it is recommended to choose
the coarse grid system, in which the upscaling is performed, in such a way that
the differences between the three averaging approaches are minimized. This can be
done by aligning the inter-cell boundaries in such a way that as much periodicity
as possible is obtained within the upscaling domains.

4. The Physics of Homogenization

In periodic porous media the fine-scale permeability has translation symmetry in
three different directions. For such media the smallest possible upscaling domain
is a parallelepiped with sides that represent the periodicity interval of the transla-
tion symmetry. Even if the porous medium is periodic, upscaling domains that are
bound by curvilinear coordinate planes, for instance upscaling domains bound by
cylindrical coordinate planes around wells, cannot be periodicity domains. Hence,
not only the choice of volume averaging (Section 2), but also the limitation to
periodic upscaling domains (i.e., parallelepipeds) has to be relaxed when dealing
with upscaling around wells. Below we limit the discussion to periodic upscaling
domains.
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Homogenization is an upscaling method that has been developed especially for
periodic media. In the literature the method of homogenization is generally derived
starting from a mathematical point of view, in which the method of multi-scale
asymptotic expansions play an important part (Bensoussan et al., 1978; Sanchez-
Palencia, 1980; Hornung, 1997). Below, homogenization will be explained in a
much simpler way based on a physical point of view.

In periodic media the upscaled flux Q and the upscaled mobility K are constant.
Then Darcy’s law, Q = K - E, yields ‘a constant E too. Since E = —VP(x), the
upscaled pressure is linear in x, that is, P(x) = —E - x (Appendix A, Section A.1).
In addition, the fine-scale pressure p(x) is equal to the upscaled pressure plus a
periodic ‘correction’ x (x) that has the same axes of periodicity as the fine-scale
mobility k(x). This periodicity yields (Appendix A, Section A.1)

E =(e), P(x) = (P)(x). (@)

All the above-presented considerations are required to hold for both unsteady and
steady flow.

The basis of the method of homogenization is to equate the fine-scale differen-
tial operator to the upscaled differential operator that describes the outflow minus
the inflow of fluid in a volume element. This operator is the same for unsteady and
steady flow. This way we find (Appendix A, Section A.2)

VA(K-Px)=V-(kx)- Vpix)). 3)

Substituting constant K and linear P (x) into the left side of Equation (3) yields the
steady flow equation

V- (k(x)-Vpix)) =0. “)

The fact that in Equation (4) the time does not appear makes that the upscaled
mobility is time-independent, as it should be from a practical point of view. How-
ever, this approach cannot explain the early-time and late-time phenomena that are
observed in media with very large contrasts in mobility, like fissured porous media.
For such media more advanced upscaling methods are required (Barenblatt et al.,
1990, pp. 34-44; Panfilov, 1992).

Equation (4) has to be solved numerically in a periodicity domain, with x (x) =
p(x) + E - x boundary-periodic, that is, with ‘constant-jump’ boundary condition
Ap = —E - Ax for the pressure p(x) (Appendix A, Section A.3). Multiplication of
Equation (3) for p(x) = p;(x) and P(x) = P;(x) by a fine-scale pressure p;(x),
applying Gauss’s divergence theorem, and using the periodicity, yields (Appendix
A, Section A .4)

0. =(g) & (&) K-le;) = (), 5)

1 —1

where (¢;;) = (e, - gj) (Appendix A, Section A.5S).
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Combination of Equations (2) and (5) proves that ®;; = E; - Q}. = (¢;j) and,
hence, that the PF, PD and FD averaging approaches yield equivalent results.

As an example to determine K;;, ‘constant-jump’ boundary pressures for Equa-
tion (4) are chosen in such a way that P, = x, P, = y and P; = gz, that is,
(E1x, Ely’ E;) = —(1,0,0), (Ex, E2y’ Ey;) = —(0,1,0) and (E3,, E3y’ E5) =
—(0, 0, 1). Substitution of this choice into Darcy’s law and Equation (5) yields
very simple expressions for the homogenized mobility: PF averaging yields K;; =
—(g,i) and PD averaging yields K;; = (¢;;). This example shows that Equation (4)
has to be solved three times, for three independent sets of boundary conditions. Any
other choice of the ‘constant-jump’ pressure boundary conditions leads to the same
homogenized mobility, however, with more complex expressions for K;;.

5. Upper and Lower Bounds of Finite Element Methods

In this chapter some properties of finite element methods are summarized without
prove. If the fine-scale mobility tensor is positive definite and symmetric, then
Equation (4) is equivalent with a variational formulation that minimizes the dis-
sipation in the upscaling domain under some constrains at the boundaries of that
domain. When finite element methods are applied to find an approximate solution,
the approximated total dissipation is greater than (or equal to) the exact dissipation.
In finite element methods, two ways of handling the boundary conditions can be
distinguished. (A) exact specification of the ‘pressure jumps’ Ap;, = —Ax - E;
over the boundaries of the upscaling domain, and (B) approximate specification of
the ‘pressure jumps’ Ap; = —Ax - K~!. Q, over the boundaries of the upscaling
domain. The essential difference is that in methods of type (A) the boundary con-
ditions for the pressure are not subject to the numerical minimization procedure,
while in methods of type (B) the boundary conditions are satisfied approximately,
since they are part of the numerical minimization process.

It may be clarifying to mention the following correspondences. Since in type
(A) methods (¢;) = E, is specified exactly, type (A) methods correspond in some
way to the PD averaging approach. Similarly, since in type (B) methods (¢;) = Q,
is specified in such a way that it is not subject to the numerical minimization pro-
cess, type (B) methods correspond in some way to the FD averaging approach.
Roughly speaking, since finite element methods over estimate the dissipations
(e;) - £ (gj) = <1j)£_1 . (gi) = (¢;j), type (A) methods overestimate the
homogenized mobility, while type (B) methods overestimate the inverse of the
homogenized mobility, that is, they underestimate the homogenized mobility.

To be a bit more precise, it can be proved that in methods of type (A) the
volume-averaged dissipation (¢) is proportional to the eigenvalues of K, that is,
proportional to the principal upscaled mobility components K, K, K3. Simil-
arly, in methods of type (B) the volume-averaged dissipation is proportional to
the inverses of the eigenvalues, that is, proportional to the principal resistivities
R, = K 'R, = K5 LRy = K3 ! Tt follows then that finite element methods
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of type (A) yield too large approximations for the principal components of the
homogenized mobility (Duvaut and Lions, 1976, p. 64). On the other hand, meth-
ods of type (B), yield too small approximations for the principal components of
the homogenized mobility (Penman, 1988). The conformal-nodal finite element
method (CN-FEM) is of type (A), while the mixed-hybrid finite element method
(MH-FEM) is of type (B).

From the fact that CN-FEM approximations yield principal mobilities that are
too large, while MH-FEM approximations yield principal mobilities that are too
small, it follows that principal mobilities can be used to assess error estimates for
the accuracy of the numerical approximations. However, it will be more practical
to avoid eigenvalue calculations. Therefore, error bounds will be assessed from the
mobility components K;; in the chosen coordinate system. From the upper and
lower bound properties of the principal mobilities it follows that the sum of the
numerically approximated diagonal mobilities Z?:l Kii =K, + K,, + K is
too large for CN-FEM and too small for MH-FEM (Appendix B). This property
can be used as a ‘hard’ error estimate.

Moreover, under the condition that the eigenvectors of K are approximated suf-
ficiently accurate (the preferential flow directions are calculated with sufficient ac-
curacy), it can be proved that the individual diagonal mobilities K, K, and K,
are too large for CN-FEM and too small for MH-FEM (Appendix B). This property
can be used as a ‘soft’ error estimate. When deviations from the ‘soft’ estimate are
observed in the numerical examples, we may conclude that the preferential flow
directions are not calculated ‘sufficiently accurate’.

Ribeiro and Romeu (1997) have applied a similar approach to the accuracy of
2D upscaling problems. When comparing how fast their numerical results converge
when refining the grid, they observed that the (conformal-nodal) finite element
method yields an upper bound, while the block centered finite difference method
and the mixed-hybrid finite element method yield a lower bound. In the numerical
examples presented in Section 6, the same is observed, also for 3D upscaling.

6. Numerical Examples

Homogenization software based on both the conformal-nodal finite element method
(CN-FEM) and the mixed-hybrid finite element method (MH-FEM, Kaasschieter
and Huijben, 1992) has been developed. The software is coded in portable standard
FORTRAN-77 and can be used both ’stand alone’ and as callable subroutines in a
reservoir simulator (Trykozko and Zijl, 1999). A number of validation tests have
been run.

6.1. SYNTHETIC 2D EXAMPLE USING LOCAL GRID REFINEMENT

The 2D periodic fine-scale permeability pattern of this example is shown in
Figure 1. The porous medium consists of two different rock types: type 1 has a
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Figure 1. Periodic structure with singularities.

permeability of k; = 1 mD, while the permeability of rock type 2 is 100 times
smaller, that is, k, = 0.01 mD.

For this case the exact homogenized permeability is known (Warren and Price,
1961)

K =K., = K,y =+/ki ks (geometric mean), (6.1)
K. =K,, =0. (6.2)

As far as the numerical approximations are concerned, large differences in the
results obtained with the two methods CN-FEM and MH-FEM have been en-
countered. The values obtained with the CN-FEM on the minimal admissible mesh
consisting of nine nodes are equal to the arithmetic mean, whereas the solution
obtained with MH-FEM on the same mesh is equal to the harmonic mean.

This large difference between the two solutions is caused by the presence of
the singularity points in the fine-scale mobility reflecting a situation just between
disconnected and interconnected channels. One way of decreasing the influence of
the singularities on the accuracy of the solution is to refine the computational mesh,
thus making the domain of influence of the singularity smaller. Computations were
performed for a sequence of uniformly refined meshes, of which the triangulation
pattern of the mesh is shown in Figure 2. Figure 3 gives the homogenized values
K = K, = K, obtained with the two numerical methods plotted as a function of
the number of nodes. There is an improvement of the quality of the solution as the

v

N N
N ‘NN

Figure 2. Uniform triangular FE mesh.
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Figure 3. Upper and lower bounds for a sequence of uniform meshes.
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Figure 4. (a) Refinement around singularity points and (b) details of local grid refinement.

mesh is becoming finer, though the convergence is slow. Upper and lower bounds
hold.

The next step was to apply a non-uniform refinement producing a very fine mesh
only in the nearest vicinity of a singularity (Figure 4). The results are significantly

better (Figure 5) and the convergence to the exact solution is faster than in the
uniform case.

6.2. SYNTHETIC 3D EXAMPLE WITH CONTINUOUS FINE-SCALE MOBILITY

In this example, the applicability of the homogenization software to periodic por-
ous media with off-diagonal fine-scale permeability components is demonstrated.
Consider a periodic porous medium in which u, v and w are the three orthogonal
axes of translation symmetry. The artificial coordinate system, with axes x, y and z,
is chosen in such a way that x and y make an angle of 30 degrees with the ‘natural’
u and v axes, while z = w. (We use dimensionless coordinates related to a char-
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Figure 5. Upper and lower bounds for a sequence of non-uniform meshes.

acteristic length.) Hence, the following parameters define one single periodicity
domain

—%aéuz%ﬁx—%yé%a,
—1B<v=1v+ 1By < 1B, (7.1)
—I-py)<w=z<1-y.

In expression (7.1) «, B, and y are numerical values. In this example they are
chosen as @ = 8 = 196/100 and y = 2/100.

The fine-scale permeability distribution within the above-given periodicity do-
main is given by

31 9
3L 95
40 40
kyx kxy kxz 9 13
kye kyy kye | = -—=V3 = 0 |x
20 20
kzx kzy kzz 1
0 0 —
100
X COShZ(%\/gx —1y)cosh®(3x + %x/gy) cos’(3m2). (7.2)

(We use dimensionless permeabilities related to a characteristic permeability.) Out-
side the periodicity domain given by expressions (7), the above fine-scale permeab-
ility distribution is continued periodically. The exact upscaled permeability is given
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by (Zijl and Trykozko, 1999)

Kxx ny sz
K}’X K}’}' K}’Z
sz sz KZZ
1 1 1 1
_3Fuu _Fvv N 3Fuu__Fuv 0
4( + 10 4\/—( 10 )
1 1 1 3
= - Fuu__Fuv n Fuu _Fvv ’ (81)
4ﬁ( 10 ) 4( + 10 ) 0
1
0 0 —F
100

where

1 o
F,, = —7coth<
8B —y)m

F,, = lL coth (LB) (a +sinha)((1 — y)m +sin(zwy)), (8.3)
a(l —y)m 2

oe) (B +sinh B)((1 — y)mr +sin(wry)), (8.2)

N —

1(d -y
=-——"ta

F.
2z 3 af

n (%ny) (o + sinh ) (B + sinh B). (8.4)

The 3D-mesh generation procedure consisted of two steps. First, the upscaling
domain has been divided into hexahedra. The second step is the division of each
hexahedron into 5 tetrahedra. Five different mesh sizes have been applied, based on
adivision into 6 x 6 x 6, 10 x 10 x 10, 14 x 14 x 14, 20 x 20 x 20 and 30 x 30 x 30
hexahedral cells. In Figures 6(a)—(e) the results are displayed.

It is observed that CN-FEM yields higher values for K,, + K,, + K. than
MH-FEM, as it should be according to the theory. However, the exact solution is
not in between the CN-FEM and MH-FEM solution. This seems to contradict the
statement from Section 5 that CN-FEM gives an upper bound and MH-FEM gives
a lower bound. However, this statement holds only if the fine-scale permeability
is represented exactly in the numerical model. In this example, the continuous
fine-scale permeability components cannot be represented exactly. They have to
be approximated by a distribution of piecewise constant permeability components.
Here the components are constant within each hexahedral cell, with constant values
that have been chosen equal to the value of the continuous fine-scale permeability
component at the center of the cell.
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Figure 6. (a) Homogenized permeability Ky for a sequence of refined meshes. (b) Homogen-
ized permeability Kyy for a sequence of refined meshes. (¢) Homogenized permeability K,
for a sequence of refined meshes. (d) Homogenized permeability Ky = Ky for a sequence
of refined meshes. (e) Trace Kxx + Kyy + K7 of homogenized permeabilities for a sequence
of refined meshes.
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Figure 6. (continued)

6.3. FIELD EXAMPLE

In this field example, the isotropic fine-scale permeability varies from 213.188 mD
to 13984.5 mD, cf. Figure 7. Originally, the upscaling domain has been divided
into 384 hexahedral cells (6 x 8 x 8). There are 26 ‘inactive’ cells, which means

(a) (b)
Figure 7. (a) Fine-scale permeability distribution. (b) Fine-scale permeability distribution
with exaggerated vertical dimension; the inactive cells are omitted.
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Figure 8. One hexahedral cell divided in five tetrahedra (exaggerated vertical dimension).

Table 1. Original mesh

567 nodes, 1920 elements, 4160 interfaces
CN-FEM: 384 unknowns (nodal pressures)
MH-FEM: 3840 unknowns (interfacial normal fluxes)

that the small value £k = 0.0001 mD has been assigned to the cell’s permeability.
Each cell is divided into five tetrahedral finite elements (Figure 8).

The geometry of this example is very anisotropic; the aspect ratio x/z is equal
to 6, while the aspect ratio y/z is equal to 25. The characteristics of the two finite
element models and the computed upscaled permeabilities are given in the Tables I,
ITa and IIb.

The original mesh has been uniformly refined twice; the characteristics of the
two finite element models are given in the Tables III and IV and are summarized in
the Figures 9(a)—(g).

From the above figures we observe that the upper and lower bound properties of
respectively CN-FEM and MH-FEM are satisfied for the diagonal sum (the trace)
K.+ K,, + K., as is required by the ‘hard’ error estimate. In addition, the upper
and lower bound properties hold for the individual diagonal components K, Ky,
and K, too. This may be interpreted as an indication that the principal directions,
and hence the directions of the preferential flow paths, are calculated accurately.

Table Ila. Matrix K; 1 calculated by CN-FEM [mD]

Pressure-Dissipation ~ 0.7481195 x 10*  0.2824882 x 103 0.1608522 x 102
averaging 0.7378196 x 10* —0.3967316 x 102
(exact symmetry) 0.2619069 x 10*
Diagonal sum = Kyx + Kyy + Kz; = 1.7478460 x 104
Pressure—Flux 0.7481552 x 104 0.2824714 x 103 0.1610208 x 102
averaging 0.2824910 x 103 0.7378195 x 10* —0.3967317 x 102
(approximate 0.1608575 x 102 —0.3967352 x 102 0.2619069 x 10*
symmetry)

Diagonal sum =Ky + Kyy + K2z = 15802161 x 10*
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Table IIb. Matrix K;; calculated by MH-FEM [mD]

Pressure-Dissipation  0.7147581 x 10*  0.5357514 x 103 0.2795474 x 102
averaging 0.6957348 x 10% —0.3247279 x 102
(exact symmetry) 0.1696884 x 10*
Diagonal sum = Kxx + Kyy + Kz; = 15801813 x 10*
Pressure—Flux 0.7147934 x 10*  0.5357587 x 103 0.2795624 x 10%
averaging 0.5357513 x 103 0.6957345 x 10* —0.3247307 x 102
(approximate 0.2795459 x 10 —0.3247307 x 10? 0.1696882 x 10*
symmetry)

Diagonal sum = Kxx + Kyy + Kz; = 15802161 x 10*

Table III. Mesh after first refinement

3757 nodes, 15360 elements, 32000 interfaces
CN-FEM: 3072 unknowns
MH-FEM: 30720 unknowns (10 times more than CN-FEM)

Table IV. Mesh after second refinement

27225 nodes, 122880 elements, 250880 interfaces.
CN-FEM: 24576 unknowns
MH-FEM: 245760 unknowns

6.4. DISCUSSION OF NUMERICAL RESULTS

All numerical examples show results that do not contradict the theory. In particular,
the examples demonstrate clearly that the pressure—flux (PF) averaging approach
yields the same upscaled permeability as the pressure—dissipation (PD) averaging
approach.

We have also performed a number of numerical experiments in which the bound-
ary conditions for the function x were not periodic. In other words, we have
done experiments in which the ‘pressure jump’ from one boundary to its oppos-
ite boundary was no longer constant. Such boundary conditions represent non-
periodic porous media. Under such conditions it is observed that the upscaled
permeability obtained by the pressure—flux averaging approach, K - becomes
non-symmetric and, for sufficiently large deviations from periodic boundary con-
ditions, the positive definiteness is lost too. On the other hand, the upscaled per-
meability obtained by the pressure—dissipation averaging approach, K - remains
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Figure 9. (a) Homogenized permeability K, for a sequence of refined meshes. (b) Homo-
genized permeability Kyy for a sequence of refined meshes. (c) Homogenized permeability
K77 for a sequence of refined meshes. (d) Trace Kxx + Kyy + K;; of homogenized permeab-
ilities for a sequence of refined meshes. (¢) Homogenized permeability Ky for a sequence
of refined meshes. (f) Homogenized permeability K, for a sequence of refined meshes. (g)
Homogenized permeability Ky, for a sequence of refined meshes.

symmetric and positive definite. This may be considered as an argument in favor
of the pressure—dissipation averaging approach.

When performing the upscaling for domains with a homogeneous fine-scale
permeability, the pressure—flux averaging approach yields always exactly the same
homogeneous upscaled permeability, as expected. However, under non-periodic
boundary conditions, the pressure—dissipation averaging approach yields an up-
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scaled permeability that differs from the homogeneous fine-scale permeability.
This may be considered as ‘non-physical’. This fact may be interpreted as a warn-
ing against the indiscriminate use of the pressure—dissipation averaging approach
for non-periodic media. On the other hand, because of its relationship with vari-
ational methods, which minimize the dissipation functional (Section 5), the pressure—
dissipation approach has many mathematical advantages, among which the possib-
ility to use it in combination with multi-grid methods (Knapek, 1998).

7. Discussion and Conclusions

The modeling of hydrocarbon reservoirs and of aquifer-aquitard systems can be
separated into two activities: geological modeling and fluid flow modeling. The
geological model focuses on the geometry and the dimensions of the subsurface
layers and faults, and on its rock types. The fluid flow model focuses on quantities
like pressure, flux and dissipation, which are related to each other by the rock
parameters permeability, storage coefficient, porosity and capillary pressure. The
absolute permeability, which is the relevant parameter for steady single-phase flow
of a fluid with constant viscosity and density, is studied here. When trying to match
the geological model with the fluid flow model, it generally turns out that the spatial
scale of the fluid flow model is built from units that are at least a hundred times
larger in volume than the units of the geological model. To counter this mismatch
in scales, the fine-scale permeabilities of the geological data model have to be ‘up-
scaled’ to coarse-scale permeabilities that relate the average pressure, the average
flux and the average dissipation to each other. The upscaled permeabilities are not
simply averages. They are derived from the averaged flow quantities in such a way
that the continuity equation, Darcy’s law and the dissipation equation remain valid
on the coarse scale as much as possible.

In this paper the theory of upscaling has been presented from a physical point
of view aiming at understanding, rather than mathematical rigorousness. Under
the simplifying assumption of spatial periodicity of the fine-scale permeability
distributions, homogenization theory can be applied. However, even under this
assumption the spatial distribution of the permeability is generally so intricate that
exact solutions of the homogenized permeability cannot be found.

Therefore, numerical approximation methods have been applied. To be able to
estimate the approximation error, two numerical methods have been developed: one
based on the conventional nodal finite element method (CN-FEM) and the other
based on the mixed-hybrid finite element method (MH-FEM). CN-FEM gives an
upper bound for the sum of the diagonal components of the homogenized mo-
bility matrix, while MH-FEM gives a lower bound. Software for the numerical
homogenization of 3D spatial distributions of the absolute permeability has been
developed and tested. The software is coded in portable FORTRAN-77 and can be
used as both ’stand alone’ and as callable subroutines in reservoir simulators and
groundwater flow models. The codes have been validated extensively by a number
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of synthetic and field-data tests. Moreover, the two numerical approximation meth-
ods, CN-FEM and MH-FEM have been applied to three examples to estimate the
numerical error as a function of the mesh density.

The upscaling described in this paper is based on the periodicity assumption.
However, the theory presented in this paper can be extended. It has been identi-
fied how an extension to upscaling without the periodicity assumption has to be
performed. Especially near areas of special interest, like fractured regions, faults
and wells, such extensions will be important. To make such extensions possible,
we have investigated two approaches: the pressure—flux (PF) averaging approach
and the pressure—dissipation (PD) averaging approach. Under the periodicity as-
sumption these two approaches yield the same upscaled permeability. However, for
deviations from the periodicity assumption the two methods give different results.
Some advantages and disadvantages of the two approaches are presented.
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Appendix A
A.1. DRIVING FORCE

The fine-scale pressure is written as

px) =c—E-x+xx), (A.1)
where c is a constant. Taking the gradient yields

e(x) ==Vpx) =E - Vx(). (A2)

Integrating over the volume of the periodicity domain yields

//fg(z)dvzgwf//wwdv. (A3)
D D

Since x(x) is a periodic function, the volume-average of its gradient is equal to
zero. Hence

E= %f// e(x)dV = (e), (A.4)
D

which proves that the homogenized driving force is equal to the volume average of
the fine-scale driving force.
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A.2. THE BASIC APPROACH TO HOMOGENIZATION

Homogenization is based on the following requirement
V.-Q=V-q. (A.5)

Since the right-hand side of Equation (A.5) represents the outflow minus the inflow
of a volume element, this equation requires that the homogenized flux represents
the same outflow minus inflow. Equation (A.5) can be applied in two different
ways.

A.3. FIRST APPLICATION OF BASIC REQUIREMENT

Substituting constant Q into the left-hand side of Equation (A.5) yields
Vog=V-(k) - Vpix)) =0. (A.6)

Equation (A.6) has to be solved in at least one periodicity domain with periodic
boundary conditions for the function y (x), that is, with constant ‘pressure jumps’
Ap = —E - Ax over the boundaries. Only the periodicity directions u, v, w are rel-
evant for the boundary conditions. In general the periodicity directions may differ
from the Cartesian coordinate directions x, y, z in which we want to express the
homogenized mobility components K,,, K.y, K., K,,, K,,, K,., K., K., K_..

A.4. SECOND APPLICATION OF BASIC REQUIREMENT

Multiplying the left and right sides of Equation (A.5) by a pressure p;(x), applying
some vector differentiation rules, and using Gauss’s divergence theorem yields

//f Vpl(&)-g-VP(ﬁ)dV—/ff Vpi(x) - k(x) - Vp(x)dV
A (A7)

={f p@n-K-VP@As — {f pin-k@ - Vp@as,

where the circle in the surface integrals means integration over the closed boundary
of the periodicity domain. Let us consider the surface integrals in more detail

I = —{f p@kw Vp@ - K- VPE) nds
= {J r@@w - 0)-nds. (A8)

Similar to Equation (A.1), the pressure p;(x) is written as p;(x) =¢; — E, - x +
x1(x). Hence,

I={fei+0@-E 0@w-0) ndS=h+h+5 (A.9)
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Using Equation (A.5) we find

L=c (g - @) nds=c /ffv (g - Q)dV =0.  (A.10)
D

Using the periodicity of x; and n - ¢ we find

Izzﬁxl(i)(g@)—g)-gdszo (A.11)

The evaluation of /5 is more complex, but also more rewarding.

L= (JE -x(@w -0 nds

=FE, - gV—f/fg(i)dV . (A.12)
D

When we require /3 = 0 we find the equivalent of Equation (A.4)

1
0=+ /// g dv = (g), (A.13)
D

which proves that the homogenized flux is equal to the volume average of the fine-
scale flux. Hence, the surface integral in Equation (A.7) is equal to zero, yielding

1
(e)) - K - (e) = V///Q(&)-g(&)dV = (e, q). (A.14)
D

A.5. DISSIPATION

If we choose (e) = (e,), the right-hand side of Equation (A.14) represents the
volume averaged dissipation ®;; = (¢11) = (e, - 11>' If we choose (e;) =
(e;) # (e) = (e j), we may call the right-hand side of Equation (A.14) the averaged
dissipation component ®;; = (¢;;) = (g; ~gj).

Since the fine-scale mobility tensor is symmetric, it follows that the matrix of
fine-scale dissipation components is symmetric too, that is, ¢;; (x) = ¢;;(x), from
which it follows that the homogenized mobility tensor is symmetric. Moreover,
since the fine-scale mobility tensor is positive definite, it follows that the main
diagonal components of the homogenized dissipation are positive, that is, ®;; > 0
(no summation over i) for e(x) # 0. This holds in any coordinate system, hence
also in the principal coordinate system, from which it follows that the homogenized
mobility tensor is positive definite.
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Appendix B
B.1. INTRODUCTION

A symmetric positive definite mobility tensor K has an inverse, here called the

resistivity tensor R = K ~!. The components of these two tensors can be expressed

in a principal coordinate system, with coordinates x”’, x\"’, x{"’

matrices of K and R have the diagonal forms

, in which the

K, 0 0 R, 0 0 K" 0 0
0 Ky O |,respectively|] O R, 0 | = 0 K5 Lo B.1)
0O O K3 0 0 R; 0 0 K,J,_l

with K; > 0, K, > 0, K5 > 0. Let us consider tensor S, for which either tensor
K or tensor R may be substituted. The same tensor S written in a system with

coordinates xfl), xél), xgp ) obtained by rotation of the principal coordinate system

over an angle — ¢ in the x\”’x{” plane (i.c., the rotation is around the x\” axis),

is given by the following matrix of components (Morse and Feshbach, 1953, pp.
61-63)

cosp —sing 0 S 0 0 cosp sing 0O
sing cosg O |-] O S O |-] —sing cose O
0 0 1 0 0 8 0 0 1

Sicosg + Sysin® ¢ (S; — Sy)cosgsing 0
=| (S, — Sy)cospsing S;sin®¢ + S,cos2p 0
0 0 S3

M G
Sll Sl2 0

S I (B.2)
0O 0 S8

Again, the tensor S written in a system with coordinates x{z), xél), xéz) obtained by

rotation of coordinate system xfl), xél), xép ) one over an angle - in the xép )xfl)

plane (i.e., the rotation is around the xél) axis), is given by the following matrix of
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components:
costr 0 —sind Sﬁ) SS) 0 cost 0 sind
0 1 0 . Sg) S;? o |- 0 1 O
sintt 0 cos?d 0 0 S —sind 0 cos?

Sﬁ) cos? ¥ + Sy sin® ¥ Sg) cos (Sﬁ) — 83) cos ¥ sin ¢
= Sg) cos ¥ Séé) Sg) sin
(81 — S3)coswsiny S S sin® 9 4 S3cos? 9

@ @ @

Sl 1 SlZ Sl3

_| @ ¢» @

- S12 S22 S23 : (B3)
@ @ @

S31 S23 S33

For the calculation of the homogenized mobility tensor K, or its inverse R, any
convenient coordinate system may be chosen. For instance, the ‘natural’ directions
of the periodic fine-scale mobility distribution may be chosen as coordinate axes.
Let us denote the coordinates of the chosen coordinate system by x, y, z. Since any
rotation can be described by at most three subsequent rotations over three different
axes, a third rotation is needed to obtain this x, y, z system. Therefore, we rotate

the coordinate system xfz), xél), xéz) over an angle — in the xél)xéz) plane (i.e., the

rotation is around the x{z) axis). Then the matrix of components is given by

10 0 s s? 9 10 0
0 cosyy —siny | - Sg) S%) Sg) -1 0 cosy siny (B.4)
i 2 @ @ — i
0 sinyr cosy 817 857 i 0 —siny cosy
from which it follows that the components of the main diagonal are given by
Sx Siv
Sy | = S5 cos? ¥ — 285 cos ¢ sin g + S3 sin® | - (B.5)
Sz S%) sin? ¢ + 255? cos Y sinyr + Séé) cos? ¥

Summation of these components yields the trace of the matrix
T=S8S,+S8,+S:=8S+8%+5>0, (B.6)

which shows that the trace of a matrix is invariant under coordinate transforms.
Hence, the trace is a tensor property.
In addition, since S| > 0, S, > 0, S5 > 0, we find from Equation (B.5)

S, = S cos’ 1% cos’ ¥ + S, sin’ © cos’ ¥ + Sysin? 9 > 0 (B.7)

and in a similar way (section B.2.) it can be proved that also S,, > O and S, > 0.
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B.2. ERROR ESTIMATES BASED ON THE TRACES

Let us now consider numerical approximations 81, S5, S5 of the exact principal mo-
bilities or resistivities Sy, Sz, S3. Then, according to Equation (A.6) the following
expression holds

T=8,+8,+8.=8+85+S. (B.8)
Subtraction of Equation (B.6) and (B.8) yields
AT = AS, + AS)y + AS.. = AS; + AS, + AS3, (B.9)

where AT =T — T,AS,, = 5‘” — S,x, etc. We have mentioned in Section 5 that
CN-FEM approximations yield principal mobilities that are too large, while MH-
FEM approximations yield principal mobilities that are too small. Then it follows
from Equation (B.9) that CN-FEM approximations yield a sum of the diagonal
mobilities that is too large, while MH-FEM approximations yield a sum of the
diagonal mobilities that is too small. Similarly, it follows from Equation (B.9) that
CN-FEM approximations yield a sum of the diagonal resistivities that is too small,
while MH-FEM approximations yield a sum of the diagonal resistivities that is
too large. Since this holds true in any coordinate system, not only in the principal
coordinate system, both the sum of the diagonal mobility components and the sum
of the diagonal resistivity components, can be used as error estimates.

B.3. INDIVIDUAL DIAGONAL MOBILITIES AS ‘SOFT’ ERROR ESTIMATES

For reasons that will be made clear later, we define the first, second and third rota-
tion angles as ¢; = @, ¥, = ¥, and ¥, = , respectively. As has been explained
above, these rotations are chosen in such a way that the first rotation is around the
3-axis, the second rotation is around the 2-axis, and the last rotation is around the
1-axis. Under the assumption that ¢ = ¢, =0 =0, 1& = 1 (see below), we
find from Equation (B.7)

AK,, = AK, cos? 01 cos? %+ AK, sin? 01 cos? V1 + AK; sin? . (B.10)

Now the first, second and third rotation angles are chosen as ¢,, ¥, ¥, respect-
ively, in such a way that the first rotation is around the 1-axis, the second rotation
is around the 3-axis, and the last rotation is around the 2-axis. Then we find in a
similar way

AK,, = AK; cos? ©2 cos’ %+ AK3 sin’ ©2 cos? Y + AKy) sin? . (B.11)

Finally, the first, second and third rotation angles are chosen as respectively @3, 3,
Y3, in such a way that the first rotation is around the 2-axis, the second rotation is
around the 1-axis, and the last rotation is around the 3-axis. Then we find

AK.. = AK;cos? g3 cos? 93 + AK| sin® g3 cos®> 93 + AK, sin? 95, (B.12)
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The results of the numerical approximations give often the impression that the
directions of the preferential flow paths, which are characterized by ¢, ¥, i, are
calculated sufficiently accurate. Therefore, we consider conditions where the ap-
proximate principal directions are sufficiently accurate (i.e., p —¢ = 0, D—9 =0,
1& —1y¥ = 0). As has been explained before, the approximate principal mobilities are
too large for CN-FEM and too small for MH-FEM. Then it follows from Equations
(B.10), (B.11) and (B.12) that the diagonal mobilities are too high (CN-FEM) or
too low (MH-FEM) in any coordinate system; not only in the principal coordinate
system. This means that each of the three diagonal components may be used as an
additional, ’soft’ error estimate.
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